
 

Eigenvectors and Eigenvalues

Main question

Let T V V be a linear

operator on a finite dimensional
vector Space

Let B tbi b z In be

a basis for V

DoThe matrix associated with

T with respect to B is given

by
MF Ttb B H5n1 B



Is it possible to find some basis

C of V such that Mf is as

simpleaspossit
CDiagonal

Recall that

ME IBM BIC

Goal Find a basis C
when possible such that HE
is diagonal T.VN

µ

pen
dim V n
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Eigenvalues and Eigenvectors

Definition Let T V V be a linear

mapping

An eigenvector of T is a nonzero

vector IEV such that

1 E XI Ito

for some scalar 2 eigenvector
vector propio
auto vector

to the scalar 2 is called the eigenvalue
associated with E

y
o

13

Eigenvalues are allowed to be zero



Example Let T 02 02 be defined
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iffy I
Eigenvalues X i Xz i

tf f It if
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ix y y iliy y o o

X if g is an eigenvector then

t ily fg ifg
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Basis of 62 formed totally by eigenvectors

of t.c ffi.pt
rat fi
dim 42 2 2 dinctinct eigenvalue

dimV 5 3 distinct eigenvalues

X n
X l

3vi.us's kind I vi is
Emrys kind HMM

linear

function
mapping
transformation
operator



Theorem Let T V V be a linear

operator Let Ii Iz Im be eigenvectors
associated with distinct eigenvalues
Xi 22 Xm Xi f Tj when it j
Then Ii Iz Im is a linearly independent
set

Corolary Let T V be a linear operator

Then T has at most dimV eigenvectors
Molin ind

i
at
most.uarendqistineteigenuau

at most n lin ind eigenvectors



Example Let V be the infinite

dimensional vector space of functions

with derivatives of any order

Let T V V be a linear operator
defined by T f f

For each IR consider the function
faft e't eigenvectors of T

T e't
dye ie't TH Ifa

X 1 72 e
t
e
t

din ind



Example Let T 11231123 be a

linear operator defined by es Es
Nlt

TCI f I E I
am

A 2 is an eigenvalue of T with

associated eigenvectors

Hit
El't

Doo XE 9 is an eigenvalue of T with

associated eigenvector j
Tle TE

Tty IF
TK Itp 5 ACE 1psTcg

xxx pity
1 xItBy x att 5
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Definition Let T V V be a linear

operator For each eigenvalue X of
T we define the set

E Span I TE I EV

called the eigenspaces associated with X

Theorem Ey is a subspace of V

We call Ex the eigenspace associated

with 2



Theorem Let TiV V be a linear

operator at let ME be its associated
matrix with respect to a basis B

For each eigenvalue X of T NII AI

TLE XE

E Ker T AID text 0

Nut ME III ft IIA 1 0

dim Ex dimV Rank MF TIN

DX is a root of the polynomial

detCMF XIN

degree dim ME IIB ACHEE
HF XI E B o

TCI XI Text B ME ITB ICI B

B



Definition Let T V V be a linear

operator and let ME be its associated

matrix with respect to a basis B

The polynomial
det MF 2In

of degree n dimV is called the

characteristic polynomial of T

or of NIF

Det MF XIN 0 is called the

characteristic equation of T
or of MIB



Example Find the eigenvalues and

eigenvectors of the linear mapping
T 11241122 defined by Text AE where

A



Example Find the eigenvalues and

eigenvectors of the linear mapping
T.IR's 1122 defined by TCEI A I

A fo o



Example Find the eigenvalues and

eigenvectors of the linear mapping
T 1124 IR defined by text _AF where

a



Theorem The characteristic polynomial
of a linear operator is invariant

under change of basis



Multiplicity of eigenvalues

Example A
foo Zo 3g



Example A foo 22



Theorem Let T V V be a linear

operator and let pix be its

characteristic polynomial
For each eigenvalue x

pox x 2 Mgk g INFO

and I E din Ey E m where

Ey is the eigenspace associated
with X



Diagonalizable linear mappings

Definition A linear mapping T v v

is diaganolizable if there exists a basis

B lbi 52 b n

of V made up entirely of eigenvectors
of T Consequently

where bi Tibi it 2 n



Theorem A linear mapping T Vsv

A dim v is diagonalizable if and

only if T has n linearly independent

eigenvectors

Corollary If X X X are distinct

eigenvalues of a linear mapping T.VN

then T is diagonalizable if and only if

dimExidimEat tdimE n



If and only if for each eigenvalue
X with multiplicity Mx dinEEMx

Do If and only if for each eigenvalue 7

with multiplicity my there exist my
linearly independent eigenvectors
associated with X

Corollary If each eigenvalue of Tihar

has multiplicity 1 then T is

diagonalizable



Example If possible diagonalize the

linear mapping T 11241123 defined by
text _AI where

A

µ sg



Example If possible diagonalize the

linear mapping T 112331123 defined
by Text A where

A

µ Ig 3



Example If possible diagonalize the

mapping T 1123 71123 defined
the line At where A

Coo soo E


